
Supplementary material to 

 

“Steady states and stability in metabolic networks without regulation” 

Oleksandr Ivanov, Arjan van der Schaft & Franz J. Weissing 

Journal of Theoretical Biology 401 (2016), 78–93 

 

 

 

Appendix A: Detailed information on the examples 

 

Example 2 

We assume constant inflows 1 2.v v  Reaction rates 3 ( )v x  and 4 ( )v x  are assumed to obey 

convenience kinetics (Libemeister and Klipp, 2006), and the reaction 5 ( )v x  is assumed to 

obey Michaelis-Menten kinetics. The reaction rate equations for the metabolic network (14) 

are: 
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The parameters for the set of equations above are:
1 1 2 3 11, 2,f f f rv v v v v      2 1,rv   

1 8... 1.K K    The steady states for the metabolic network (14) are 
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Example 4 

The parameters for the reaction rates (26) are: 
1 1,fv  1 4 1,K K   

1 2 4 1.f fv v v     

 

  



Example 5 

The rate equations for the metabolic network (27) are 
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, 2, 3,4, 5
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The parameters are 1 3 1,K K   2 0.5,K   4 0.01,K  1 0.01,v   
1 2 3 1,f f fv v v     

4 0.1.fv   There are two steady states in this metabolic network: {0.0162,  0.0015,  0.006} and 

{0.1728, 0.0369,  0.1592}.  The corresponding eigenvalues of the Jacobian matrix are: 

{ 9.5, 1.67,  0.335}    and {0.16, 1.9 0.85 , 1.9 0.85 }.i i     

 

Example 7 

The equations for reaction rates for the metabolic network (45) are: 

3 32 2
2 3

1 1 2 3 4 5
2 3 4

3 32 21 1

2 3 4 5

4 4 5 5

5 6

4 6 5 7

, ,

(1 )(1 ) 1 (1 )(1 ) 1

,

f f
f

f f

x xx x
v v

v x K K K K
v v v

x xx xK x

K K K K

v x v x
v v

x K x K

  


     

 
 

 

The parameters for the equations above are: 1 1,v   1 7 1,K K   
1 5 3.f fv v    

The eigenvalues of the corresponding Jacobian matrix (45) are:  

{0.0, 746.7,  4.17,  2.52,  2.52}.     

 

Example 8 

The equations for reaction rates for the metabolic network (47) are: 
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The parameters for the equations above are: 
1 1 50.5, 1,f fv v v    2 5 0.1,K K 

1 3 4 6 7 1.K K K K K      The only positive steady state is: *

1 = 1,  x * *

2 3 3,  x x 
* *

4 5 0.2. x x  Eigenvalues of the system are:  0.266, 0.25, 0.7, 0.7, 1.77 .     

 

  



Appendix B: Stoichiometric matrix of the citric acid cycle 

 

The set of reactions of citric acid cycle is 
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The corresponding stoichiometric matrix is given by: 
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We constructed the stoichiometric matrix for this network, not taking into account 2H O  and 

2CO  as variables, without inflow reactions and with outflows of 
+H ,  NADH, GTP and 

ubiquinol. The stoichiometric matrix consists of 20 rows, representing different metabolites 

and 15 columns, representing different reactions (including four outflow reactions). 

The rank deficiency of this matrix is five. Therefore, it is possible that this system has a five-

dimensional manifold of steady states. 

  



Appendix C: Stability in branched SS-SP networks 

 

The Jacobian matrix for branched single-substrate-single-product metabolic networks with 

general stoichiometry is 
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Here the square p p  diagonal submatrix P is  
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with row and column indices in range from 1 to p. 

Square diagonal submatrix Y is 
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with row and column indices in range from 1p  to y. The square diagonal submatrix M is 
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with row and column indices in range from 1y   to m. 

The entries 
, 1 , 1 1, 1( )p p p p p pJ x s g     and 

1, 1, 1 1,( )p p p p p pJ x s g     that ‘connect’ submatrices P 

and Y are located on the upper and lower diagonals respectively. 

The Jacobian matrix (C. 1) has negative diagonal entries and nonnegative off-diagonal entries 

as in the case of the Jacobian matrix for linear networks (18). The matrix (C. 1) is not 

tridiagonal. In particular, there are two off-tridiagonal terms 
1, 1, 1 1,( )y p y y y pJ x s g     and 

, 1 , 1 1, 1( ) .p y p y y yJ x s g     



To prove that the Jacobian matrix (C. 1) is a negative M-matrix we need to prove that all its 

leading principal minors 1,..., mf f   alternate in sign starting from negative 1 0f  . Since the 

Jacobian matrix (C. 1) is tridiagonal, except for two entries, there are several steps in which 

we prove that all leading principal minors if  alternate in sign: 1) i p , 2) i p , 3) 1i p  , 

4) 1p i y   , 5) i y , 6) 1i y  , 7) 1y i m   , 8) i m . 

 

1) i p  

Leading principal minors until 
1pf 
  are the same as for linear networks (19): 
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Accordingly, leading principal minors until 
1pf 
 alternate in sign, starting from negative. 

 

2) i p  

We calculate the leading principal minor 
pf  using recursion equation for a determinant of a 

tridiagonal matrix (El-Mikkawy, 2004): 
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Clearly, minor 
pf  has the opposite sign of the minor 

1pf 
. 

 

3) 1i p   

The leading principal minor 
1pf 
 is 
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Since, 
pf  has the opposite sign of 

1pf 
, and 

1pf 
 has the same sign as 

1pf 
, then 

1pf 
 has the 

opposite sign of 
pf . 

 



4) 1p i y    

Leading principal minors after 
1pf 
 until 

1yf 
 are of the form 
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We prove the equation (C. 8) by induction. It holds for 1r   (equation C. 7). Assuming that 

the equation (C. 8) is true, we calculate the next leading principal minor using the recursion 

equation for a determinant of a tridiagonal matrix: 
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The equation (C. 9) is according to the equation (C. 8), which concludes the proof. Therefore, 

the leading principal minors in range of 1p i y    alternate in sign. 

From the equation (C. 8) by setting 1p r y    we can express the leading principal minor 

1yf 
: 
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The first term has the opposite sign of 
1yf 
 and the second term has the sign ( 1) y . Overall, 

the leading principal minor 
yf  has the opposite sign of 

1yf 
. 

 



6) 1i y   
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Here 
yf  is the determinant of the submatrix Y (C. 3). The determinant 

1yf 
 is 
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The equation (C. 13) can be proved by induction in the same manner as the equation (C. 10). 

Here we omit the proof of equation (C. 13).  

The determinant 
yf  therefore is  
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  (C. 14) 

Using the equations (C. 12) and (C. 14) we can calculate the leading principal minor 
1yf 
: 
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  (C. 15) 

Then we expand 
1yf 
 from the equation (C. 10) and 

1yf 
 from the equation (C. 13) and cancel 

the similar terms (underscored) in (C. 13). Then the terms including 
2yf 
 and 2yf   are left and 

we expand this terms further. We continue so until we get to the terms 
1pf 
 and 1pf  . 
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we get 
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Here 
1pf 
 is the first diagonal term of the submatrix (C. 3), 

1 1, 1 1, 1 1, 2 2, 1p p p p p p p p pf s g s g           . Inserting the expressions for 
1pf 
 and 

1pf 
 (equation C. 

7) we get 
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Inserting the equation (C. 6) for 
pf  we get 
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we get the expression for the leading principal minor 
1yf 
  

1 1, 2 2, 1 1, 1 1, 1 , 1 1, 1.y y y y y y y y y y y m m y x pf s g f s g s g f f                (C. 19) 

The first term has the opposite sign to the sign of 
yf  and the second term has the sign 

2 1 1( 1) ( 1) ( 1) ( 1)y p p y       , which is the opposite to the sign of 
yf . Overall, the leading 

principal minor 
1yf 
 has the opposite sign of .yf  

 

7) 1y i m    

The leading principal minor 
2yf 
 is 
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 (C. 20) 



The sign of 
2yf 
 is the opposite of 

1yf 
. 

Leading principal minors after 
1yf 
 until 1mf   are of the form 

, 1 1, 1 , 1 1, 1 , ,

1
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       (C. 21) 

The proof of the equation (C. 21) is by induction as for the previous similar case of the 

equation (C. 8). The sign of the first term in (C. 21) is the opposite of 
1y df  
. The sign of the 

second term is 
1 1( 1) ( 1) ( 1) ( 1)d y p p y d        , which is also the opposite of  

1y df  
. 

From the equation (C. 21) by setting 1y d m    we get 1d m y    and the leading 

principal minor 1 :mf   
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8) i m   

The last leading principal minor is  
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   (C. 23) 

The sign of the first term is the opposite of 1mf  . The sign of the second term is 
1 1( 1) ( 1) ( 1)m y y m      , which is also different from the sign of 1mf  . Overall, all leading 

principal minors of the Jacobian matrix (C. 1) alternate in sign starting with negative. 

Combining this with the fact that off-diagonal entries of (C. 1) are non-positive results in that 

the Jacobian matrix (C. 1) is a negative M-matrix.  

 

  



Appendix D: Stability in networks with tree topology 

We present a part with two branches of a metabolic network with tree. Two branching points 

are at metabolites 
pX   and wX  (D. 1). The first branch ends up on the metabolite

yX , the 

second branch ends up on the metabolite zX , and the network potentially branches more. 
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 (D. 1)  

Below we present a general structure of the Jacobian matrix for metabolic network with tree 

topology (D. 2). This part of the Jacobian matrix corresponds to two branches part of 

metabolic network with tree topology (D. 1), and continues with the similar structure if 

network branches more. 
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 (D. 2)  

Here the square diagonal submatrix W is  

1, 1 1, 1 1, 2 2, 1 1, 2 2, 2

1, 2 2, 2

1, ,

, , 1 , , , 1 1, , 1 1,
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. (D. 3) 

 



The diagonal submatrix W has the same structure as the submatrix Y, except for the presence 

of additional negative term 
, 1 1,w z z ws g   in the last diagonal entry, which corresponds to the 

second branching, similar to the last diagonal entry in the submatrix P (C. 2). Depending on 

the number of next branches the structure of the matrix repeats further with Y and W 

submatrices, and with additional tridiagonal entries. Therefore, the matrix (D. 1) simply 

repeats the structure of the matrix (C. 1) with additional repetitions of it for every branch. 

Since the matrix (D. 1) repeats the structure of the matrix (C. 1) the proof for the alternation 

of signs of leading principal minors is the same. The presence of additional negative term in 

the diagonal entry of W submatrix does not influence the alternation of sign of leading 

principal minors. Combining this with the fact that off-diagonal entries of (D. 1) are 

nonnegative we conclude that the Jacobian matrix for SSSP metabolic networks with general 

stoichiometry and tree topology is negative M-matrix. 

 

  



Appendix E: Stability in cyclic SS-SP networks 

We prove Theorem 4 by showing condition for the Jacobian matrix (22) to be an M-matrix, 

and therefore the uniqueness and local asymptotic stability of steady state if it exists. The 

diagonal entries of ( )J x  (22) are negative while the off-diagonal entries are positive. By 

showing condition for which all leading principal minors of ( )J x  are positive we get the 

condition for ( )J x to be an M-matrix. Since leading principal minors of ( )J x  (22) are 

lower triangular with positive diagonal entries, they are always positive until the last one, 

which is the determinant of the Jacobian matrix. It remains to determine the condition for the 

determinant of ( )J x to be positive.  

The determinant of negative of the Jacobian matrix (22) matrix is  
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Here the leading principal minor 1mf   is lower triangular and is equal to 
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Combining the equations (E. 1) and (E. 2) we get 
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The determinant is positive if 

1

, 1 1, , 2 2, 1, 1, 1 1, ,
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The determinant is positive if the inequality (23) in the Theorem 4 holds. 


