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Abstract

The paper presents a generalized dynamic arbitrage free yield model. It is a factor
model where the past values of the factors are needed to specify the present yield
curve. However, all this past information is contained in the time t yield curve.
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1 Introduction

The premise of a dynamic factor model for yield curves is that a few latent factors

X1t, . . . , Xmt drive the comovements of yields or bond prices of all maturities. In dy-

namic factor models, such as arbitrage-free affine yield models (see, for example, Vasicek

(1977), Cox, Ingersoll and Ross (1985), and multifactor models as desribed in Duffie and

Kan (1996) and Dai and Singleton (2000)), the finite state vector of factors at time t fully

specifies the yield curve at time t. In the factor model with infinite dynamics that we

propose the factors at time t are not sufficient. Instead past factors X1s, . . . , Xms of all

times s ≤ t are needed to fully specify the yield curve at time t. However, all this past

information is contained in the time t yield curve. As a result today’s yield curve and

tomorrow’s factors contain all information to specify tomorrow’s yield curve. We will refer

to it as a Generalized Dynamic Arbitrage Free (GD-AF) yield model.

2 A GD-AF yield model

Let the process for the real pricing kernel, or stochastic discount factor, be given by

dΛt = −Λt

(
rt dt+

m∑
j=1

λjt dW R

jt

)
, (1)

where rt is the short rate and λj,t, j = 1, . . . ,m are prices of risk, related to the independent

Brownian motions W R
1 , . . . ,W

R
m. We use factors based on portfolio values Vit, i = 1, . . . ,m,

where dVit = Vitµit dt + Vit
∑m

j=1 σijt dW R
jt, where µit = rt +

∑m
j=1 σijtλjt. We consider

stationary factors given by Xit = e−µ̄itVit, i = 1, . . . ,m, where µ̄i are long-term growth

rates, which satisfy

dXit = Xit(µit − µ̄j) dt+Xit

m∑
j=1

σijt dW R

t . (2)
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In particular, we useXCt =
∑m

i=1Xit and specify the short rate, using an infinite-dimensional

weight function ψ(τ), by

rt = β + ΞCt −XCt, (3)

ΞCt =

∫ t

−∞
ψ(t− s)Gs(t) ds, where Gs(t) =

P (t− s)
Ps(t)

XCs,

and P (τ) is the long-term mean-reverting value of Pt(T ), where T = t+ τ . We divide XCs

by the bond price, since the time t value of Xis is given by Xis/Ps(t).

This specification can be used to derive arbitrage-free bond prices.

Theorem 1 Based on the specification of the stochastic discount factor (1), the factors

(2) and the short rate (3), the bond prices are given by

Pt(T ) = e−
∫ τ
0 θt(u) du

(
1 +

m∑
i=1

Xithi(τ)

)
,

hi(τ) =

∫ τ

0

ζi(s)e
∫ s
0 θt(u)−µ̄i du ds, i = 1, . . . ,m,

θt(τ) = β +

∫ t

−∞
ψ(t− s+ τ)Gs(t+ τ) ds,

ζi(τ) = 1−
∫ τ

0

ψ(s)P (s)eµ̄is ds, i = 1, . . . ,m.

Proof Using (1) and (3), the bond prices are given by

Pt(T ) = Et(ΛT/Λt) = 1−
∫ T

t

Et(ruΛu/Λt) du,

rt = β +

∫ t

−∞
ψ(t− s)Gs(t) ds−XCt = β + Ξt −

m∑
j=1

Xjt.

Define

ξt(τ) = θt(τ)− β =

∫ t

−∞
ψ(t+ τ − s)Gs(t) ds,

then Ξt = ξt(0). As Et(VjTΛT/Λt) = Vjt, we find, using (2), Xjt = eµ̄j(T−t) Et(XjTΛT/Λt).
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Consequently,

Pt(T ) = 1− β
∫ T

t

Pt(u) du−
∫ T

t

Et {ξu(0)Λu/Λt} du+
m∑
j=1

∫ T

t

e−µ̄j(u−t) duXjt,

and

∂Pt(T )

∂T
= −βPt(T )− Et {ξT (0)ΛT/Λt}+

m∑
j=1

e−µ̄j(T−t)Xjt.

Let Et {ξT (0)ΛT/Λt} = c1 + c2, where

c1 = Et

{(∫ t

−∞
ψ(T − s)Gs(T ) ds

)
ΛT/Λt

}
= ξt(τ)Pt(T ),

and

c2 = Et

{(∫ T

t

ψ(T − s)Gs(T ) ds

)
ΛT/Λt

}
= Et

{∫ T

t

ψ(T − s)
P (T − s)

∑m
j=1Xjs

Ps(T )
Λs/Λt Es(ΛT/Λs) ds

}

=

∫ T

t

Et

{
(ψ(T − s)P (T − s)

{
m∑
j=1

Xjs

}
Λs/Λt

}
ds

=
m∑
j=1

Xjt

∫ T

t

ψ(T − s)P (T − s)e−µ̄j(s−t) ds

=
m∑
j=1

Xjte
−µ̄j(T−t)

∫ T

t

ψ(T − s)P (T − s)eµ̄j(T−s) ds

=
m∑
j=1

Xjte
−µ̄jτ

∫ τ

0

ψ(s)P (s)eµ̄js ds.

We thus find

∂Pt(T )

∂T
= −{β + ξt(τ)}Pt(T ) +

∑
j

e−µ̄jτXjt

(
1−

∫ τ

0

ψ(s)P (s)eµ̄js ds

)
= −θt(τ)Pt(T ) +

∑
j

Xjtζj(τ)e−µ̄jτ , (4)
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where θt(τ) = β + ξt(τ) and ζj(τ) = 1−
∫ τ

0
ψ(s)P (s)eµ̄js ds.

From (4), which is a first-order, linear, inhomogeneous differential equation with func-

tion coefficients, we derive the solution

Pt(T ) = e−
∫ τ
0 θt(u) du

(
1 +

∑
j Xjt

∫ τ
0
ζj(s)e

∫ s
0 θt(u)−µ̄j du ds

)
, q.e.d.

The model is non-Markov. The state vector formed by X1t, . . . , Xmt and θt(τ), τ ≥ 0,

is infinite dimensional. However, we also find that all past information is contained in the

present yield curve. Since the forward rates are given by

Ft(T ) = θt(τ)− P−1
t (T )

∑
i

ζi(τ)e−µ̄iτXit,

the infinite dimensional state subvector θt(τ) can be expressed as a function of the m

present factors and Pt(T ). Current work aims at further exploring the properties of the

model and applying it to US Treasury yields.
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