llmvel'SIty Of fac;.lt:ui' of economics
groningen / and business

6010-EEF

Generalized Dynamic Arbitrage Free
Yield Model

Paul A. Bekker



™ unlverSItY Of faculty of economics
E% . and business
e groningen

SOM is the research institute of the Faculty of Economics & Business at
the University of Groningen. SOM has six programmes:

- Economics, Econometrics and Finance

- Global Economics & Management

- Human Resource Management & Organizational Behaviour

- Innovation & Organization

- Marketing

- Operations Management & Operations Research

Research Institute SOM
Faculty of Economics & Business
University of Groningen

Visiting address:
Nettelbosje 2

9747 AE Groningen
The Netherlands

Postal address:

P.O. Box 800

9700 AV Groningen

The Netherlands

T +31 50 363 9090/3815

www.rug.nl/feb/research



= unlverSItY Of faculty of economics
E% . and business
e groningen

A Generalized Dynamic Arbitrage Free Yield Model

Paul A. Bekker

University of Groningen, Faculty of Economics and Business, Department of Economics,
Econometrics and Finance
p.a.bekker@rug.nl



A Generalized Dynamic Arbitrage Free Yield Model

Paul A. Bekker*

Faculty of Economics and Business

University of Groningen

May 27, 2016

Abstract

The paper presents a generalized dynamic arbitrage free yield model. It is a factor
model where the past values of the factors are needed to specify the present yield
curve. However, all this past information is contained in the time ¢ yield curve.
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1 Introduction

The premise of a dynamic factor model for yield curves is that a few latent factors
X1ty ooy Xy drive the comovements of yields or bond prices of all maturities. In dy-
namic factor models, such as arbitrage-free affine yield models (see, for example, Vasicek
(1977), Cox, Ingersoll and Ross (1985), and multifactor models as desribed in Duffie and
Kan (1996) and Dai and Singleton (2000)), the finite state vector of factors at time ¢ fully
specifies the yield curve at time t. In the factor model with infinite dynamics that we
propose the factors at time ¢ are not sufficient. Instead past factors Xi,,..., X,,s of all
times s < t are needed to fully specify the yield curve at time t. However, all this past
information is contained in the time t yield curve. As a result today’s yield curve and
tomorrow’s factors contain all information to specify tomorrow’s yield curve. We will refer

to it as a Generalized Dynamic Arbitrage Free (GD-AF) yield model.

2 A GD-AF yield model

Let the process for the real pricing kernel, or stochastic discount factor, be given by

dAt = —At (Tt dt + Z /\]t dVV;;) y (].)
j=1

where 7, is the short rate and A;;, j = 1, ..., m are prices of risk, related to the independent
Brownian motions W, ..., W". We use factors based on portfolio values V;;, i = 1,...,m,
where dVj; = Vi dt + Vy Z;nzl iyt AWji, where py = 7 + Z;n:l oijtAjr. We consider
stationary factors given by X;; = e %'V, 1 = 1,...,m, where [i; are long-term growth

rates, which satisfy

dXit = Xit(uit — IEL]) dt + Xit Z Uijt thR. (2)

J=1



In particular, we use X¢y = Y-, X and specify the short rate, using an infinite-dimensional

weight function ¥ (7), by

= /6 + Zcr — Xy, (3)

P(t—s)

—X Sy
P(t) ¢

ot = /t P(t — s)Gs(t)ds, where Gg(t) =

and P(7) is the long-term mean-reverting value of P,(T), where T =t + 7. We divide X,
by the bond price, since the time ¢ value of X, is given by X,/ Ps(t).

This specification can be used to derive arbitrage-free bond prices.

Theorem 1 Based on the specification of the stochastic discount factor , the factors

(2) and the short rate , the bond prices are given by

H@U=e<W“W“<1+§:XMMﬂ>,

=1

() = [ Gl H s, =1,
0

t
or) =B+ [ wlt- s+ Gt +7)ds,

Gi(T) =1 —/ P(s)P(s)ef*ds, i=1,...,m.
0
Proof Using and , the bond prices are given by

P/(T) = E((Ar/A,) = 1 — / ' By (ruhu/A) du,

ry = +/ Yt —s)Gs(t)ds — Xoy =+ 2 — Zth.
oo —
Define
§i(T) = 0u(T) — B = / Y(t+ 71— 5)Gs(t) ds,

then = = &(0). As E(VirAr/A:) = Vj;, we find, using , X = ehi(T=1) Ei(X;rAr/At).



Consequently,
T T mooeT
P(T)=1-7 / P,(u) du — / By {u(0)Au/A} du+ > / e M=t du X,
t t =1t

and

OP(T)
orT

= —BP(T) — B {&r(0)Ar/A} + ) e MTX,
j=1
Let Et {gT(())AT/At} =C + Co, where

q-e{(f R 35) da/u} = &) RT)

and
¢ =B, {( tT¢(T — 5)G4(T) ds) AT/At}
_F, { / "o P P)(%m: S A AEL(Ar/A) ds}
= /tT E, {(¢(T —5)P(T — s) {ixﬁ} AS/At} ds
= ZE X /tT¢(T — 5)P(T — s)e "D ds
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= jixte i OTw(s)?(s)e“Jsds
We thus find
OP,(T)

D —— e ) + Lo (1- [T oo as)

= —O()PT) + D XpGy(r)e ™,



where 0,(7) = § + &(7) and §,(r) = 1 — [ (s)P(s)e™* ds.
From , which is a first-order, linear, inhomogeneous differential equation with func-

tion coefficients, we derive the solution
P,(T) = e~ Jo Or(w)du (1 + 22 Xt N C;(s)elo Oelw) = du ds) , q.e.d.

The model is non-Markov. The state vector formed by Xy, ..., X, and 0,(7), 7 > 0,
is infinite dimensional. However, we also find that all past information is contained in the

present yield curve. Since the forward rates are given by
F(T) = 0,(1) — PY(T) Z Gi(T)e ™7 X,

the infinite dimensional state subvector 6,(7) can be expressed as a function of the m
present factors and P,(T'). Current work aims at further exploring the properties of the

model and applying it to US Treasury yields.

References

Cox, J. C., Ingersoll, J. E., Jr & Ross, S. A. (1985). A theory of the term structure of
interest rates. Fconometrica, 53, 385-408.

Dai, Q. & Singleton, K. (2000). Specification analysis of affine term structure models.
Journal of Finance, 55, 1943-1978.

Duffie, D. & Kan, R. (1996). A yield-factor model of interest rates. Mathematical Finance,
6, 379-406.

Vasicek, O. (1977). An equilibrium characterization of the term structure. Journal of

Financial Economics, 5, 177-188.



; university of faculty of economics
W : and business
éﬁﬁg groningen /

List of research reports

12001-HRM&OB: Veltrop, D.B., C.L.M. Hermes, T.]J.B.M. Postma and J. de Haan, A Tale
of Two Factions: Exploring the Relationship between Factional Faultlines and Conflict
Management in Pension Fund Boards

12002-EEF: Angelini, V. and J.0. Mierau, Social and Economic Aspects of Childhood
Health: Evidence from Western-Europe

12003-Other: Valkenhoef, G.H.M. van, T. Tervonen, E.O. de Brock and H. Hillege, Clinical
trials information in drug development and regulation: existing systems and standards

12004-EEF: Toolsema, L.A. and M.A. Allers, Welfare financing: Grant allocation and
efficiency

12005-EEF: Boonman, T.M., J.P.A.M. Jacobs and G.H. Kuper, The Global Financial Crisis
and currency crises in Latin America

12006-EEF: Kuper, G.H. and E. Sterken, Participation and Performance at the London
2012 Olympics

12007-Other: Zhao, J., G.H.M. van Valkenhoef, E.O. de Brock and H. Hillege, ADDIS: an
automated way to do network meta-analysis

12008-GEM: Hoorn, A.A.J. van, Individualism and the cultural roots of management
practices

12009-EEF: Dungey, M., J.P.A.M. Jacobs, J. Tian and S. van Norden, On trend-cycle
decomposition and data revision

12010-EEF: Jong-A-Pin, R., J-E. Sturm and J. de Haan, Using real-time data to test for
political budget cycles

12011-EEF: Samarina, A., Monetary targeting and financial system characteristics: An
empirical analysis

12012-EEF: Alessie, R., V. Angelini and P. van Santen, Pension wealth and household
savings in Europe: Evidence from SHARELIFE

13001-EEF: Kuper, G.H. and M. Mulder, Cross-border infrastructure constraints,
regulatory measures and economic integration of the Dutch - German gas market

13002-EEF: Klein Goldewijk, G.M. and J.P.A.M. Jacobs, The relation between stature and
long bone length in the Roman Empire

13003-EEF: Mulder, M. and L. Schoonbeek, Decomposing changes in competition in the
Dutch electricity market through the Residual Supply Index

13004-EEF: Kuper, G.H. and M. Mulder, Cross-border constraints, institutional changes
and integration of the Dutch - German gas market



W university of faculty of economics
7 5 groningen / and business

13005-EEF: Wiese, R., Do political or economic factors drive healthcare financing
privatisations? Empirical evidence from OECD countries

13006-EEF: Elhorst, J.P., P. Heijnen, A. Samarina and J.P.A.M. Jacobs, State transfers at
different moments in time: A spatial probit approach

13007-EEF: Mierau, 1.0., The activity and lethality of militant groups: Ideology, capacity,
and environment

13008-EEF: Dijkstra, P.T., M.A. Haan and M. Mulder, The effect of industry structure and
yardstick design on strategic behavior with yardstick competition: an experimental study

13009-GEM: Hoorn, A.A.J. van, Values of financial services professionals and the global
financial crisis as a crisis of ethics

13010-EEF: Boonman, T.M., Sovereign defaults, business cycles and economic growth in
Latin America, 1870-2012

13011-EEF: He, X., J.P.A.M Jacobs, G.H. Kuper and J.E. Ligthart, On the impact of the
global financial crisis on the euro area

13012-GEM: Hoorn, A.A.]J. van, Generational shifts in managerial values and the coming
of a global business culture

13013-EEF: Samarina, A. and J.E. Sturm, Factors leading to inflation targeting — The
impact of adoption

13014-EEF: Allers, M.A. and E. Merkus, Soft budget constraint but no moral hazard? The
Dutch local government bailout puzzle

13015-GEM: Hoorn, A.A.J. van, Trust and management: Explaining cross-national
differences in work autonomy

13016-EEF: Boonman, T.M., J.P.A.M. Jacobs and G.H. Kuper, Sovereign debt crises in
Latin America: A market pressure approach

13017-GEM: Oosterhaven, J., M.C. Bouwmeester and M. Nozaki, The impact of
production and infrastructure shocks: A non-linear input-output programming approach,
tested on an hypothetical economy

13018-EEF: Cavapozzi, D., W. Han and R. Miniaci, Alternative weighting structures for
multidimensional poverty assessment

14001-OPERA: Germs, R. and N.D. van Foreest, Optimal control of production-inventory
systems with constant and compound poisson demand

14002-EEF: Bao, T. and J. Duffy, Adaptive vs. eductive learning: Theory and evidence
14003-0OPERA: Syntetos, A.A. and R.H. Teunter, On the calculation of safety stocks
14004-EEF: Bouwmeester, M.C., J. Oosterhaven and J.M. Rueda-Cantuche, Measuring

the EU value added embodied in EU foreign exports by consolidating 27 national supply
and use tables for 2000-2007



W university of fa.,;.i:y of economics
éﬁg groningen / and business

14005-OPERA: Prak, D.R.]J., R.H. Teunter and J. Riezebos, Periodic review and
continuous ordering

14006-EEF: Reijnders, L.S.M., The college gender gap reversal: Insights from a life-cycle
perspective

14007-EEF: Reijnders, L.S.M., Child care subsidies with endogenous education and
fertility

14008-EEF: Otter, P.W., J.P.A.M. Jacobs and A.H.]. den Reijer, A criterion for the number
of factors in a data-rich environment

14009-EEF: Mierau, ].0. and E. Suari Andreu, Fiscal rules and government size in the
European Union

14010-EEF: Dijkstra, P.T., M.A. Haan and M. Mulder, Industry structure and collusion
with uniform yardstick competition: theory and experiments

14011-EEF: Huizingh, E. and M. Mulder, Effectiveness of regulatory interventions on firm
behavior: a randomized field experiment with e-commerce firms

14012-GEM: Bressand, A., Proving the old spell wrong: New African hydrocarbon
producers and the ‘resource curse’

14013-EEF: Dijkstra P.T., Price leadership and unequal market sharing: Collusion in
experimental markets

14014-EEF: Angelini, V., M. Bertoni, and L. Corazzini, Unpacking the determinants of life
satisfaction: A survey experiment

14015-EEF: Heijdra, B.]., J.0. Mierau, and T. Trimborn, Stimulating annuity markets

14016-GEM: Bezemer, D., M. Grydaki, and L. Zhang, Is financial development bad for
growth?

14017-EEF: De Cao, E. and C. Lutz, Sensitive survey questions: measuring attitudes
regarding female circumcision through a list experiment

14018-EEF: De Cao, E., The height production function from birth to maturity

14019-EEF: Allers, M.A. and ].B. Geertsema, The effects of local government
amalgamation on public spending and service levels. Evidence from 15 years of municipal
boundary reform

14020-EEF: Kuper, G.H. and J].H. Veurink, Central bank independence and political
pressure in the Greenspan era

14021-GEM: Samarina, A. and D. Bezemer, Do Capital Flows Change Domestic Credit
Allocation?

14022-EEF: Soetevent, A.R. and L. Zhou, Loss Modification Incentives for Insurers Under
ExpectedUtility and Loss Aversion



W university of fa.,;.i:y of economics
éﬁg groningen / and business

14023-EEF: Allers, M.A. and W. Vermeulen, Fiscal Equalization, Capitalization and the
Flypaper Effect.

14024-GEM: Hoorn, A.A.J. van, Trust, Workplace Organization, and Comparative
Economic Development.

14025-GEM: Bezemer, D., and L. Zhang, From Boom to Bust in de Credit Cycle: The Role
of Mortgage Credit.

14026-GEM: Zhang, L., and D. Bezemer, How the Credit Cycle Affects Growth: The Role
of Bank Balance Sheets.

14027-EEF: Bruzikas, T., and A.R. Soetevent, Detailed Data and Changes in Market
Structure: The Move to Unmanned Gasoline Service Stations.

14028-EEF: Bouwmeester, M.C., and B. Scholtens, Cross-border Spillovers from
European Gas Infrastructure Investments.

14029-EEF: Lestano, and G.H. Kuper, Correlation Dynamics in East Asian Financial
Markets.

14030-GEM: Bezemer, D.]., and M. Grydaki, Nonfinancial Sectors Debt and the U.S.
Great Moderation.

14031-EEF: Hermes, N., and R. Lensink, Financial Liberalization and Capital Flight:
Evidence from the African Continent.

14032-0OPERA: Blok, C. de, A. Seepma, I. Roukema, D.P. van Donk, B. Keulen, and R.
Otte, Digitalisering in Strafrechtketens: Ervaringen in Denemarken, Engeland, Oostenrijk
en Estland vanuit een Supply Chain Perspectief.

14033-0OPERA: Olde Keizer, M.C.A., and R.H. Teunter, Opportunistic condition-based
maintenance and aperiodic inspections for a two-unit series system.

14034-EEF: Kuper, G.H., G. Sierksma, and F.C.R. Spieksma, Using Tennis Rankings to
Predict Performance in Upcoming Tournaments

15001-EEF: Bao, T., X. Tian, X. Yu, Dictator Game with Indivisibility of Money

15002-GEM: Chen, Q., E. Dietzenbacher, and B. Los, The Effects of Ageing and
Urbanization on China’s Future Population and Labor Force

15003-EEF: Allers, M., B. van Ommeren, and B. Geertsema, Does intermunicipal
cooperation create inefficiency? A comparison of interest rates paid by intermunicipal
organizations, amalgamated municipalities and not recently amalgamated municipalities

15004-EEF: Dijkstra, P.T., M.A. Haan, and M. Mulder, Design of Yardstick Competition
and Consumer Prices: Experimental Evidence

15005-EEF: Dijkstra, P.T., Price Leadership and Unequal Market Sharing: Collusion in
Experimental Markets



W university of fa.,;.i:y of economics
éﬁg groningen / and business

15006-EEF: Anufriev, M., T. Bao, A. Sutin, and J. Tuinstra, Fee Structure, Return Chasing
and Mutual Fund Choice: An Experiment

15007-EEF: Lamers, M., Depositor Discipline and Bank Failures in Local Markets During
the Financial Crisis

15008-EEF: Oosterhaven, J., On de Doubtful Usability of the Inoperability IO Model

15009-GEM: Zhang, L. and D. Bezemer, A Global House of Debt Effect? Mortgages and
Post-Crisis Recessions in Fifty Economies

15010-I&0: Hooghiemstra, R., N. Hermes, L. Oxelheim, and T. Randgy, The Impact of
Board Internationalization on Earnings Management

15011-EEF: Haan, M.A., and W.H. Siekman, Winning Back the Unfaithful while Exploiting
the Loyal: Retention Offers and Heterogeneous Switching Costs

15012-EEF: Haan, M.A., J.L. Moraga-Gonzalez, and V. Petrikaite, Price and Match-Value
Advertising with Directed Consumer Search

15013-EEF: Wiese, R., and S. Eriksen, Do Healthcare Financing Privatisations Curb Total
Healthcare Expenditures? Evidence from OECD Countries

15014-EEF: Siekman, W.H., Directed Consumer Search

15015-GEM: Hoorn, A.A.J. van, Organizational Culture in the Financial Sector: Evidence
from a Cross-Industry Analysis of Employee Personal Values and Career Success

15016-EEF: Te Bao, and C. Hommes, When Speculators Meet Constructors: Positive and
Negative Feedback in Experimental Housing Markets

15017-EEF: Te Bao, and Xiaohua Yu, Memory and Discounting: Theory and Evidence

15018-EEF: Suari-Andreu, E., The Effect of House Price Changes on Household Saving
Behaviour: A Theoretical and Empirical Study of the Dutch Case

15019-EEF: Bijlsma, M., J. Boone, and G. Zwart, Community Rating in Health Insurance:
Trade-off between Coverage and Selection

15020-EEF: Mulder, M., and B. Scholtens, A Plant-level Analysis of the Spill-over Effects
of the German Energiewende

15021-GEM: Samarina, A., L. Zhang, and D. Bezemer, Mortgages and Credit Cycle
Divergence in Eurozone Economies

16001-GEM: Hoorn, A. van, How Are Migrant Employees Manages? An Integrated
Analysis

16002-EEF: Soetevent, A.R., Te Bao, A.L. Schippers, A Commercial Gift for Charity

16003-GEM: Bouwmeerster, M.C., and J. Oosterhaven, Economic Impacts of Natural Gas
Flow Disruptions



W university of fa.,;.i:y of economics
éﬁg groningen / and business

16004-MARK: Holtrop, N., J.E. Wieringa, M.]. Gijsenberg, and P. Stern, Competitive
Reactions to Personal Selling: The Difference between Strategic and Tactical Actions

16005-EEF: Plantinga, A. and B. Scholtens, The Financial Impact of Divestment from
Fossil Fuels

16006-GEM: Hoorn, A. van, Trust and Signals in Workplace Organization: Evidence from
Job Autonomy Differentials between Immigrant Groups

16007-EEF: Willems, B. and G. Zwart, Regulatory Holidays and Optimal Network
Expansion

16008-GEF: Hoorn, A. van, Reliability and Validity of the Happiness Approach to
Measuring Preferences

16009-EEF: Hinloopen, J., and A.R. Soetevent, (Non-)Insurance Markets, Loss Size
Manipulation and Competition: Experimental Evidence

16010-EEF: Bekker, P.A., A Generalized Dynamic Arbitrage Free Yield Model



www.rug.nl/feb




	16010 eerste 3 paginas
	paper
	Introduction
	A GD-AF yield model
	References

	list of research reports

